Abstract. Hom-connections and associated integral forms have been introduced and studied by T.Brzeziński as an adjoint version of the usual notion of a connection in non-commutative geometry. Given a flat hom-connection on a differential calculus (Ω, d) over an algebra A yields the integral complex which for various algebras has been shown to be isomorphic to the noncommutative de Rham complex (in the sense of Brzeziński et al. [7] ). In this paper we shed further light on the question when the integral and the de Rham complex are isomorphic for an algebra A with a flat hom-connection. We specialise our study to the case where an n-dimensional differential calculus can be constructed on a quantum exterior algebra over an A-bimodule. Criteria are given for free bimodules with diagonal or upper triangular bimodule structure. Our results are illustrated for a differential calculus on a multivariate quantum polynomial algebra and for a differential calculus on Manin's quantum n-space.
Introduction
Let A be an algebra over a field K. holds, where |a| denotes the degree of a, i.e. a ∈ Ω |a| (see for example [8] ). We shall call (Ω, If ∇ 0 ∇ 1 = 0, the hom-connection ∇ 0 is called flat. In this paper we will be mostly interested in the case M = A. Set Ω From Woronowicz' paper [14] it follows that any covariant differential calculus on a quantum group is determined by a certain family of maps which had been termed twisted multi-derivations in [7] . We recall from [7] that by a right twisted multi-derivation in an algebra A we mean a pair (∂, σ), where σ : A → M n (A) is an algebra homomorphism (M n (A) is the algebra of n×n matrices with entries from A) and ∂ : A → A n is a k-linear map such that, for all a ∈ A, b ∈ B, (2.5) ∂(ab) = ∂(a)σ(b) + a∂(b).
Here A n is understood as an (A-M n (A))-bimodule. We write σ(a) = (σ ij (a)) n i,j=1 and ∂(a) = (∂ i (a)) n i=1 for an element a ∈ A. Then (2.5) is equivalent to the following n equations (2.6) ∂ i (ab) = j ∂ j (a)σ ji (b) + a∂ i (b), i = 1, 2, . . . , n.
Given a right twisted multi-derivation (∂, σ) on A we construct an FODC on the free left A-module
Aω i with basis ω 1 , . . . , ω n which becomes an A-bimodule by
is a derivation and makes (Ω 1 , d) a first order differential calculus on A. A map σ : A → M n (A) can be equivalently understood as an element of M n (End k (A)). Write • for the product in M n (End k (A)), I for the unit in M n (End k (A)) and σ T for the transpose of σ.
Definition 2.1. Let (∂, σ) be a right twisted multi-derivation. We say that (∂, σ) is free, provided there exist algebra mapsσ :
Theorem [7, Theorem 3.4] showed that for any free right twisted multi-derivation (∂, σ;σ,σ) on A, and associated first order differential calculus (Ω 1 , d) with generators ω i , the map
is a hom-conection, where ∂ σ i := j, kσ kj • ∂ j •σ ki , for each i = 1, 2, . . . , n. Moreover ∇ had been shown to be unique with respect to the property that ∇(ξ i ) = 0, for all i = 1, 2, . . . , n, where ξ i : Ω 1 → A are right A-linear maps defined by ξ i (ω j ) = δ ij , i, j = 1, 2, . . . , n. We shall be mostly interested in right twisted multi-derivation (∂, σ) that are upper triangular, for which σ ij = 0 for all i > j holds. It had been shown in [7, Proposition 3.3] that an upper triangular right twisted multi-derivation is free if and only if σ 11 , . . . , σ nn are automorphisms of A.
Differential calculi on quantum exterior algebras
Let A be a unital associative algebra over a field K. Given an A-bimodule M which is free as left and right A-module with basis {ω 1 , . . . , ω n } one defines the tensor algebra of M over A as
which is a graded algebra whose product is the concatenation of tensors and whose zero component is A. Following [3, I.2.1] we call an n × n-matrix Q = (q ij ) over K a multiplicatively antisymmetric matrix if q ij q ji = q ii = 1 for all i, j. The quantum exterior algebra of M over A with respect to a multiplicatively antisymmetric matrix Q is defined as
This construction for a vector space M = V and a field A = K appears in [11, 12] . The product of Q (M ) is written as ∧. The quantum exterior algebra is a free left and right A-module of rank 2 n with basis Proposition 3.1. Let (∂, σ) be a right twisted multi-derivation of rank n on a K-algebra A with associated FODC (Ω 1 , d). Let Q be an n × n multiplicatively antisymmetric matrix over k.
Proof. Suppose d extends to make Ω a differential calculus on A with d(ω i ) = 0. Then for all a ∈ A and k = 1, . . . , n the following equations hold:
On the other hand if (3.13) holds, then set for any homogeneous element aω ∈ Ω m with a ∈ A and ω = ω j1 ∧ ω j2 ∧ · · · ∧ ω jm , with j 1 < j 2 < · · · < j m , a basis element of Ω m :
We will show that d : Ω → Ω in that way, will satisfy d 2 = 0 and the graded Leibniz rule. For any aω ∈ Ω m as above:
We prove the graded Leibniz rule 
which shows the graded Leibniz rule, where the induction hypothesis has been used in the third line and where (3.13) has been used in the sixth line .
Suppose that (∂, σ) is a free right twisted multi-derivation satisfying the equations (3.13) and that (Ω, d) is the associated n-dimensional differential calculus over A for some n × n matrix Q. Then, as mentioned above, ∇ :
can be uniquely written as a right A-linear combination of basis elements ω = ω i1 ∧ · · · ∧ ω im and since ∇ m (f ) is right A-linear and furthermore by Proposition 3.1 d(ω) = 0 is satisfied, we conclude that for u = ωa:
(1) = 0 for all i, the hom-connection is flat, because for any dual basis element
Hom A (Ω m , A) and note that ∇ induces a map of degree −1 on Ω * . We want to establish an isomorphism between the de Rham complex given by d : Ω → Ω and the integral complex given by ∇ : Ω * → Ω * . More precisely we are looking for a bijective chain map Θ : (Ω, d) → (Ω * , ∇) such that the following diagram commutes:
One attempt is to define the maps Θ m via the dual basis element of Ω n . Define
for the base element of Ω n . Let β ∈ Ω n * be the dual basis of Ω n as a right A-module, i.e. β(ωa) = a for all a ∈ A. For any 0 ≤ m < n define Θ m :
Note that Θ n = β. Moreover the maps Θ m are right A-linear taking into account the right A-module structure of Hom A (Ω n−m , A), namely for a ∈ A, v ∈ Ω m and w ∈ Ω n−m :
For a certain class of twisted multi-derivations, extended to a quantum exterior algebra, we will show that the maps Θ m are always isomorphisms. We say that a twisted multi-derivation (∂, σ) on an algebra A is upper triangular if σ ij = 0 for all i > j. By [7, Proposition 3.3] any upper triangular twisted multi-derivation is free if and only if σ ii are automorphisms of A for all i. The corresponding mapsσ andσ are defined inductively byσ ii = σ
ii σ kiσkj for all i > j andσ ij = 0 for i < j. The mapσ is defined analogously usingσ. Theorem 3.2. Let (∂, σ) be a free upper triangular twisted multi-derivation on A with associated
is the quantum exterior algebra of Ω 1 for some matrix Q. Then the following hold:
(
is a chain map, that is, A satisfies the strong Poincaré duality with respect to (Ω, d) in the sense of T.Brzezinski.
Proof.
(1) By the definition of the bimodule structure of Q (Ω 1 ) and by the fact thatσ is lower triangular we have
By the definition of the quantum exterior algebra the non-zero terms ω j1 ∧ · · · ∧ ω jn must have distinct indices, i.e. j k = j l for all k = l. In particular j n = n and hence inductively we can conclude that j i = i for all i. This shows that aω = ω det(σ)
be any non-zero element and set
Hence Θ m (v) = f , which shows that Θ m is surjective. To prove injectivity, assume that v = a ω ω ′ ∈ Ω m is an element such that Θ m (v) is the zero function. Then for any basis element ω ∈ Ω n−m , one has
which implies a ω to be zero. Thus v = 0 and Θ m is an isomorphism. 
On the other hand
Hence suppose that ω and ν have disjoint support. Then there exists a unique index i that does not belong to sup(ω) ∪ sup(ν). Let C be the constant such that
Recall also that by the definition of the quantum exterior algebra we have:
Note that hypothesis (3.23) is moreover equivalent to
These equations yield now the following:
Hence Θ is a chain map between the de Rham and the integral complexes of right A-modules.
Remark 3.3. Let (∂, σ) be an upper-triangular twisted multi-derivation of rank n on A and let Q be an n × n matrix with q ij q ji = q ii = 1. The conditions to extend the multi-derivations to the quantum exterior algebra Ω = Q (Ω 1 ) such that the complex of integral forms on A and the de Rham complex are isomorphic with respect to (Ω, d) are:
Differential calculi from skew derivations
The simplest bimodule structure on Ω 1 = A n is a diagonal one, i.e. if σ ij = δ ij σ i for all i, j where σ 1 , . . . , σ n are endomorphisms of A. Moreover if σ is diagonal and (∂, σ) is a right twisted multi-derivation on A, then the maps ∂ i are right σ i -derivations, i.e. for all a, b ∈ A and i:
Conversely, given any right σ i -derivations ∂ i on A, for i = 1, . . . , n one can form a corresponding diagonal twisted multi-derivation (∂, σ) on A. Such diagonal twisted multi-derivation (∂, σ) is free if and only if the maps σ 1 , . . . , σ n are automorphisms. The associated A-bimodule structure on Ω 1 = A n with left A-basis ω 1 , . . . , ω n is given by ω i a = σ i (a)ω i for all i and a ∈ A. From Proposition 3.1 we obtain the following corollary for diagonal bimodule structures.
Corollary 4.1. Let A be an algebra over a field K, σ i automorphisms and ∂ i right σ i -skew derivations on A, for i = 1, . . . , n and let (Ω 1 , d) be the associated first order differential calculus on A. ∂ i σ j = q ji σ j ∂ i and 
Thus by Theorem 3.2, A satisfies the strong Poincaré duality with respect to (Ω, d) in the sense of T.Brzezinski.
Multivariate quantum polynomials
Let K be a field, n > 1, and Q = (q ij ) a n × n multiplicatively antisymmetric matrix over K. The multivariate quantum polynomial algebra with respect to Q is defined as:
This means that x i and x j commute up to the scalar q ij in A. Moreover every element is a linear combination of ordered monomials
The set of n-tuples N n is a submonoid of Z n by componentwise addition. For any α ∈ Z we set x α = 0 if there exists i = 1, . . . , n such that α i < 0. Furthermore N n is partially ordered as follows: α ≤ β if and only if α i ≤ β i ,i = 1, · · · , n for α, β ∈ N n . If α ≤ β, then β − α ∈ N n and x β−α = 0. For two generic monomials x α and x β with α, β ∈ N n one has (5.27)
where µ(α, β) = 1≤j<i≤n q αiβj ij
. The algebra A has been well-studied by Artamonov [1, 2] as well by Goodearl and Brown [3] and others. The Manin's quantum n-space is obtained in case there exists q ∈ K with q ij = q for all i < j. In particular for n = 2 one obtains the quantum plane.
We define automorphisms σ 1 , . . . , σ n and right σ i -derivations of A as follows: For a generic monomial x α with α ∈ N n one sets
Hence σ i ∂ j = q ji ∂ j σ i for all i ≤ j. By Corollary 4.1 we can conclude:
be the multivariate quantum polynomial algebra and let Ω = Q (Ω 1 ) be the associated quantum exterior algebra. Then the derivation d :
makes Ω into a differential calculus such that the de Rham complex and the integral complex are isomorphic.
Manin's quantum n-space
In this section we will show that for a special case of the multivariate quantum polynomial algebra there exists a differential calculus whose bimodule structure is not diagonal, but upper triangular and nevertheless the de Rham complex and the integral complex are isomorphic.
Let q ∈ K \ {0}. For the matrix Q = (q ij ) with q ij = q and q ji = q −1 for all i < j and q ii = 1, the algebra O Q (K n ) is called the coordinate ring of quantum n-space or Manin's quantum n-space and will be denoted by A = K q [x 1 , . . . , x n ]. We have the following defining relations of the algebra A (6.31)
x i x j = qx j x i , i < j.
Note that for α ∈ N n and 1 ≤ i ≤ n we have:
where
More generally
Let µ(α, β) be the scalar such that x α x β = µ(α, β)x α+β . We take the following two-parameter first order differential calculus Ω 1 (see [9, p.468] for the case p = q 2 and [7, Example 3.9] for the case n = 2), which is freely generated by {ω 1 , . . . ω n } over A subject to the relations (6.32)
There exists an algebra map σ : A → M n (A) whose associated matrix of endomorphisms σ = (σ ij ) is upper triangular and such that ω i x α = i≤j σ ij (x α )ω j . The next lemma will characterize the algebra map σ. For any α ∈ N n and i = 1, . . . , n set π i (α) = s<i p αs .
Lemma 6.1. For α ∈ N n the entries of the matrix σ(x α ) are as follows σ ij (x α ) = 0 for i > j and
Proof. Fix a number i between 1 and n. We prove the relations for σ ij by induction on the length of α, which by length we mean |α| = α 1 + · · · + α n . For |α| = 0 the relation is clear, because
Since p αj − 1 = 0 for all j and p αi = 1 the relation holds. Now suppose that m ≥ 0 and that the relations (6.1) hold for all α ∈ N n of length m. Let β ∈ N n be an element of length m + 1 and let k be the largest index j such that β j = 0. Set α = β − ǫ k , i.e. β = α + ǫ k . We have to discuss the three cases k < i, k = i and k > i. If k < i, then for all i < j, α j = 0, i.e. σ ij (x α ) = 0. Hence
Note that for any j < k we have qλ
It is left to show that the expression ( * ) equals
since λ k (β) = 1 = λ k (α) and π k (α) = π k (β) as α and β differ only in the kth position.
We will define a derivation d :
for all i = 1, . . . , n. Note that for i, k we have:
Lemma 6.2. The pair (∂, σ) is a right twisted multi-derivation of K q [x 1 , . . . , x n ] satisfying the equations (3.13) with respect to the multiplicatively antisymmetric matrix Q ′ whose entries are Q ′ ij = p −1 q for i < j. In particular
holds as well as for all i, k, j:
Proof. Let α, β ∈ N n . To prove that the pair (∂, σ) is a right twisted multi-derivation, we show the following n equations hold
Since
i for i > j, and hence x α x β = µ(α, β)x α+β , where µ(α, β) = 1≤r<s≤n q −αsβr . We then obtain
On the other hand, we compute
For any i < j we have:
which shows that ∂ i σ kj = pq −1 σ kj ∂ i for all i < k < j.
showing ∂ i σ jj = pq −1 σ jj ∂ i for i < j. For k < i < j using η kj (α)δ i (α) = η ki (α)δ j (α) we get:
In a similar way, the relation
holds for k < i < j. Lastly, we show that the equations
are satisfied, because of the following equations for i < j
By using these equations we attain the equation:
which completes the proof the lemma.
Denote by Ω = p −1 q (Ω 1 ) the quantum exterior algebra of Ω 1 over K q [x 1 , . . . , x n ] with respect to the matrix Q ′ .
Furthermore the de Rham and the integral complex associated to the differential
Proof. The first statement follows from Proposition 3.1 and Lemma 6.2. We have an uppertriangular σ = (σ ij ) matrix by Lemma 6.1, of which the diagonal entries σ ii , i = 1, . . . , n are automorphisms. Hence we construct the corresponding lower-triangular matrixσ according to [7, Proposition 3.3] . The entries ofσ areσ ij = 0 for i < j andσ ii = σ
for α ∈ N n and i > j. Applying [7, Proposition 3.3] again yields the mapσ. The entries ofσ arê σ ij = 0 for i > j andσ ii = σ ii whileσ ij = p j−i σ ij for i < j. By using these formulas for the entries of the matricesσ(x α ) andσ(x α ), we obtain an explicit expression for
for any fixed i = 1, . . . , n. For j < k < i we get:
while for j = k < i we have:σ
Thus for any k < i we get the partial sum:
Similarly, for k = i we have for j < k = i:σ ij • ∂ j •σ ji (x α ) = −pπ j (α)(p αj − 1)π i (α) −1 ∂ i (x α ) and for j = k = i we haveσ ii • ∂ i •σ ii (x α ) = p∂ i (x α ). This gives
The sum of these partial sums Λ k yields: 
Conclusion
Necessary and sufficient conditions to extend the associated FODC (Ω 1 , d) of a right twisted multi-derivation (∂, σ) on an algebra A to a full differential calculus (Ω, d) on the quantum exterior algebra Ω of Ω 1 have been presented in this paper. A chain map between the de Rham complex and the integral complex has been defined and an criterion has been given to assure an isomorphism between the de Rham and the integral complexes for free right upper-triangular twisted multi-derivations whose associated FODC can be extended to a full differential calculus on the quantum exterior algebra. Easier criteria for FODCs with a diagonal bimodule structure have been established and have been applied to show that a multivariate quantum polynomial algebra satisfies the strong Poincaré duality in the sense of T.Brzezinski with respect to some canonical FODC. Lastly, we showed that for a certain two-parameter n-dimensional (upper-triangular) calculus over Manin's quantum n-space the de Rham and integral complexes are isomorphic.
Future work will consist in extending our duality criteria to general FODCs having an uppertriangular bimodule structure.
